Lecture #2: How Fast Did the Rocket Go?

OLHA SUS

New England Sci - Tech

Lecture Series in Elementary Mathematics in Modeling Rocket Flight

July 29, 2022

Olha Sus (New England Sci - Tech) Lecture #2: How Fast Did the Rocket Go? 2022 1/13



Wm&g - Yo d- ML@




-]
Rocket Propulsion

Agenda:

@ Describe the application of conservation of momentum when the mass changes with
time, as well as the velocity.

@ Calculate the speed of a rocket in empty space, at some time, given initial
conditions.

@ Calculate the speed of a rocket in Earth’s gravity field, at some time, given initial
conditions.

Video of a rocket launch

NASA Website about propulsion N_ —

Oelian reattionL
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https://www.youtube.com/watch?v=Qm-t0DgBVUs
https://www.grc.nasa.gov/WWW/K-12/airplane/bgp.html
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Description: The rocket accelerates to the right due to the expulsion of some of its fuel
mass to the left. Conservation of momentum enables us to determine the resulting
change of velocity. The mass m is the instantaneous total mass of the rocket (i.e., mass

of rocket body plus mass of fuel at that point in time). D
WV

Definition. The conservation of momentum is a fundamentdl concept of physics anng
with the conservation of energy and the conservation of mass. Momentum is defined to
be the mass of an object multiplied by the velocity of the object. The conservation of
momentum states that, within some problem domain, the amount of momentum remains
constant; momentum is neither created nor destroyed, but only changed through the

action of forces as described by Newton's laws of motion.
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The initial momentum of the system is described by

p; = mv, p\, ?im} ol _J

where m is a mass of the rocket and v is an instantaneous veIOC|ty

Including both the change for the rocket and the change for the exhaust gas, the final
momentum of the system is

( Pf)— Procket + Pgas = (m dmg)(V S dV) A dmg(V ) J

where ?ge
ol
@ v — u is the velocity of exhaust gas; P‘(’Oc\/\e&, ?@5

@ dmy is a (positive) infinitesimal mass of gas which the engines eject.

Applying conservation of momentum, we obtain

pi = pr = mdv = dmgdv + dmgu. J

Now, since dmgvdv is very small, we omit this term. Therefore,

mdv = dmgu
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Since dm, represents an increase in the mass of ejected gases, it must also represent a
decrease of mass of the rocket:

Hence,

mdv = —dmu.

Our final answer is
Av = uln(m;/m). ) (1) |

N~ —

Equation (1) is called the rocket equation. It was originally derived in 1897. It gives us
the change of velocity that the rocket obtains from burning a mass of fuel that decreases
the total rocket mass from my down to m.

Rocket in a Gravitational Field

ﬁ uln(m,/m @ |
N /
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Problem-Solving Strategy: Rocket Propulsion

Strategy:
@ To determine the change of velocity, use the rocket equation.

@ To determine the acceleration, determine the force by using the impulse-momentum
theorem, using the rocket equation to determine the change of velocity.
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Practice Problem

A spacecraft is moving in gravity-free space along a straight path when its pilot decides
to accelerate forward. He turns on the thrusters, and burned fuel is ejected at a constant
rate of 2.0 x 10° kg/s, at a speed (relative to the rocket) of 2.5 x 10° m/s. The initial

mass of the spacecraft and its unburned fuel is 2.0 x 10* kg, and the thrusters are on for
30 s.

1. What is the thrust (the force applied to the rocket by the ejected fuel) on the
spacecraft?

2. What is the spacecraft’'s acceleration as a function of time?

Olha Sus (New England Sci - Tech) Lecture #2: How Fast Did the Rocket Go?

2022 7/13



Solution

1. The momentum of the ejected fuel gas is
p = mgv.

The ejection velocity v = 2.5 x 10° m/s is constant, and therefore the force is

Here, dm/dt is the rate of change of mass and is equal to 2.0 x 10% kg/s. Hence,

F = VZ—T = (2.5 x 10°)(2.0 x 10°) =5 x 10* N

2. Above, we defined m to be the combined mass of the empty rocket plus however
much unburned fuel it contained: m = mgz + mg. From Newton;s second law,

a=—.
Mmg + mg
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Solution

This gives us
F

) = N tamy )t

Notice that, as expected, the acceleration is a function of time. Substituting the given
numbers:

5x 10* N
2.0 x 10* kg — 2.0 x 102%&¢

a(t) =
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Program Code in Python

import matplotlib.pyplot as plt

import numpy as np

inputs

xi = float(input ("Enter Starting Position: "))
vi = float(input("Enter Initial velocity: "))
u = float(input("Enter exhaust gas velocity: "))
R = float(input ("Enter burning rate: "))

mi = float(input("Enter Initial Mass: "))

mf = float(input("Enter Final Mass: "))

N = int(input("Enter Number of Divisions: "))
Find/define flight time, dt, dm

T = -(mf-mi)/R

dt = T/N
t = np.linspace(0,T,N+1)
dm = -Rxdt

2022 10 /13
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Initialize arrays
m = np.empty(N+1)
v = np.empty(N+1)
X = np.empty(N+1)

m[0] = mi
v[0] = vi
x[0] = xi

main loop

for i in range (N):
m[i+1]=m[i]-R*dt
v[i+1]=v[i]-u*dm/m[i]
x[i+1]=x[i]+v[i]*dt

Olha Sus (New England Sci - Tech) Lecture #2: How Fast Did the Rocket Go? 2022 11/13



plots

plt.
.plot(t,m)

.title(’Mass vs Time Graph’)
.xlabel(’Time(s)’)
.ylabel(’Mass(kg)’)

plt
plt
plt
plt

plt.
.plot(t,v)

.title(’Velocity vs Time Graph’)
.xlabel(’Time(s)’)
.ylabel(’Velocity(m/s)’)

plt
plt
plt
plt

plt.
.plot(t,x)

.title(’Position vs Time Graph’)
.xlabel(’Time(s)’)
.ylabel(’Position (m)’)

plt.
.tight,ayout()

plt
plt
plt
plt

plt
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subplot(1,3,1)

subplot(1,3,2)

subplot(1,3,3)

suptitle(’Rocket motion simulation’)
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THANK YOU FOR YOUR ATTENTION!
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